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Abstract
We establish a new criterion for the existence of a global cross section to a non-singular
volume-preserving flow on a compact manifold. Namely, if Φ is a non-singular smooth flow on a
compact, connected manifoldM with a smooth invariant volume form Ω, then Φ admits a global
cross section if and only if the (n− 1)-form iXΩ is intrinsically harmonic, that is, harmonic with
respect to some Riemannian metric on M .
The goal of this note is to prove a simple geometric criterion for the existence of a global cross
section to a volume-preserving non-singular flow.
The question of existence of a global cross section to a flow is a fundamental problem in dynam-
ical systems. Much work has been done on this question; see for instance, [Fri82, Pla72, Sch57,
Ver70, EG89, Sim97, Sim16]. We focus on volume-preserving non-singular flows and prove that
the existence of a global cross section is equivalent to the property of a certain canonical invariant
differential form being intrinsically harmonic. More precisely, our main result is the following.
Theorem. Let Φ be a non-singular smooth 1 flow on a smooth, compact, connected manifold M .
Denote the infinitesimal generator of Φ by X and assume that Φ preserves a smooth volume form
Ω. Then Φ admits a smooth global cross section if and only if iXΩ is intrinsically harmonic.
A smooth differential form ω onM is called intrinsically harmonic if there exists a smooth Rieman-
nian metric g onM such that ω is g-harmonic, i.e., ∆gω = 0, where ∆g denotes the Laplace-Beltrami
operator on differential forms induced by g (cf., [War83, Jos08]). Recall that ∆g = dδg + δgd, where
d is the exterior differential and δg = (−1)
n(k+1)+1 ⋆g d ⋆g (on k-forms) is the adjoint of d relative
to the L2-inner product defined by g (⋆g denotes the Hodge star operator). A smooth form ω is
g-harmonic if and only if ω is both closed (dω = 0) and co-closed (δgω = 0, i.e., ⋆gω is closed).
A closed (compact and without boundary) submanifold Σ of M is called a global cross section
to a (clearly non-singular) flow Φ = {φt} on M if it intersects every orbit of Φ transversely. It is
not hard to see that this guarantees that the orbit of every point x ∈ Σ returns to Σ, defining the
first-return or Poincare´ map P of Σ. More precisely, for each x ∈ Σ there exists a unique τ(x) > 0
(called the first-return time) such that P (x) = φτ(x)(x) is in Σ, but φt(x) 6∈ Σ for every t ∈ (0, τ(x)).
1By smooth we always mean C∞.
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The first-return map P : Σ → Σ is a diffeomorphism. A global cross section thus allows us to
pass from a flow to a diffeomorphism. To recover the flow from the first-return map one uses the
construction called suspension. Given a smooth closed manifold Σ, a diffeomorphism f : Σ→ Σ and
a smooth positive function (called the ceiling or roof function) τ : Σ→ R, we define
Mτ = Στ/ ∼f , where Στ = {(x, t) : x ∈ Σ, 0 ≤ t ≤ τ(x)}, (1)
and ∼f is the equivalence relation generated by (x, τ(x)) ∼f (f(x), 0). The vertical vector field
∂/∂t on Στ projects to a smooth vector field X on Mτ . The flow of X is called the special flow
associated with Σ, f , and τ . If τ = 1, it is usually called the suspension flow of f (see [KH95]).
It is well-known that if a flow Φ on M has a global cross section Σ with the first-return map P
and the first-return time τ , then the special flow on Mτ defined by Σ, P , and τ is smoothly orbit
equivalent to Φ.
We state the following result of J. Plante, which will be needed in the proof.
Theorem ([Pla72]). If a C1 flow on a compact manifold M is transverse to the kernel of some
non-singular continuous closed 1-form ω on M , then it admits a smooth global cross section.
Plante showed that each such form ω can be C0 approximated by a closed (in the Stokes sense)
continuous 1-form ωˆ with rational periods. By Hartman’s version of the Frobenius theorem [Har02],
the kernel of ωˆ is integrable (and transverse to the flow). Since ωˆ has rational periods, its integral
manifolds are compact, hence each of them is a global cross section.
Proof of the Main Result. (⇐) Assume iXΩ is intrinsically harmonic and let g be a smooth Rie-
mannian metric such that ∆g(iXΩ) = 0. Then iXΩ is co-closed; i.e., the 1-form ω = ⋆g(iXΩ) is
closed. The following lemma can be found as an exercise in, e.g., [Lee13]. The proof is elementary
and is omitted.
Lemma 1. ⋆g(iXΩ) = (−1)
n−1g(X, ·), where n = dimM .
Since ω(X) = (−1)n−1g(X,X) 6= 0, it follows that, X is transverse to the kernel of the smooth
closed non-singular 1-form ω. By the result of Plante stated above, the flow has a global cross section.
(⇒) Assume now that Φ admits a global cross section Σ.
Lemma 2. There exists a reparametrization Φ˜ of Φ whose first-return time with respect to Σ is
constant.
Proof. Let τ and P be the first-return time and first-return map of Σ, respectively. Slightly abus-
ing the notation, we denote by ∼P the equivalence relations on both Στ and Σ1 generated by
(x, τ(x)) ∼P (P (x), 0) (on Στ ) and by (x, 1) ∼P (P (x), 0) (on Σ1). Let Στ , Σ1, Mτ , and M1 be
defined as in (1).
It is not hard to see that Σ1 and Στ are diffeomorphic via the map S : Σ1 → Στ defined by
S(x, t) = (x, tτ(x)).
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Furthermore, Mτ = Στ/ ∼P and M1 = Σ1/ ∼P are both diffeomorphic to M . To simplify the
notation, we will identify them both with M via these diffeomorphisms. Since S maps equivalence
classes to equivalence classes, we have the following commutative diagram:
Σ1 Στ
M M,
S
π1 πτ
id
where πτ : Στ →M and π1 : Σ1 →M are the corresponding quotient maps.
For simplicity we denote the vertical vector fields on both Σ1 and Στ by
∂
∂t
.
Observe that (πτ )⋆(
∂
∂t) = X. Let X˜ = (π1)⋆(
∂
∂t). Since S⋆ maps
∂
∂t (on Σ1) to a scalar multiple
of ∂∂t (on Στ ) , it follows that X˜ = uX for some smooth positive function u :M → R. Thus X˜ is a
reparametrization of X and Σ is clearly a global cross section for its flow, Φ˜, with first-return time
equal to 1. This completes the proof of the Lemma.
Lemma 3. Let X be a smooth non-singular vector field on M with flow Φ. Assume E is a smooth
integrable distribution on M such that TM = RX ⊕E and E is invariant under the flow. If Ω is a
smooth volume form invariant relative to Φ, then iXΩ is intrinsically harmonic.
Proof. Let g be any smooth metric such that: (1) g(X,X) = (−1)n−1 at every point, and (2) X
is orthogonal to E relative to g. By multiplying the restriction of g on E by a suitable smooth
function, we can arrange that the Riemannian volume form be precisely Ω (without affecting (1)
and (2)). We claim that iXΩ is g-harmonic. Since Ω is invariant under the flow, iXΩ is clearly
closed. Indeed:
diXΩ = (diX + iXd)Ω = LXΩ = 0,
by Cartan’s formula. Let us show that ω = ⋆g(iXΩ) is also closed. By Lemma 1, we have ω = g(X, ·).
Thus Ker(ω) = E and ω(X) = 1. Since E is integrable, the Frobenius theorem yields
ω ∧ dω = 0.
To prove that ω is closed, it is enough to show that dω(X,V ) = 0 and dω(V,W ) = 0, for any two
smooth local sections V,W of E. We have:
0 = (ω ∧ dω)(X,V,W ) = ω(X) dω(V,W ) = dω(V,W ),
so dω(V,W ) = 0. Furthermore:
dω(X,V ) = (iXdω)(V )
= (iXdω + diXω)(V )
= LXω(V )
= 0.
Thus dω = 0, completing the proof of the lemma.
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Let Φ˜ = {φ˜t}, X˜, and u be as in Lemma 2. Note that φ˜1(Σ) = Σ and let F be the foliation of
M with leaves φ˜t(Σ), for t ∈ R. Let E = TF be the distribution tangent to F . Since Σ and Φ are
smooth, so is E. Moreover, E is invariant under the flow.
Set Ω˜ = (1/u)Ω. It is clear that Ω˜ is a volume form and that iX˜ Ω˜ = iXΩ. It therefore suffices to
show that iX˜ Ω˜ is intrinsically harmonic, which immediately follows from Lemma 3. This completes
the proof.
Corollary 1. Let Φ be a non-singular smooth flow on a smooth, compact, connected manifold M ,
with infinitesimal generator X. Assume Φ preserves a smooth volume form Ω. If iXΩ is intrinsically
harmonic, then [iXΩ] 6= 0 ∈ H
n−1
de Rham(M).
Proof. By the main result, Φ admits a global cross section Σ. Since X is transverse to Σ, iXΩ is a
volume form for Σ, so
∫
Σ iXΩ 6= 0. If iXΩ were exact, Stokes’s theorem would imply
∫
Σ iXΩ = 0.
Corollary 2. If X is the geodesic vector field of a closed Riemannian manifold of negative sectional
curvature and Ω denotes the canonical invariant volume form, then iXΩ is not harmonic with respect
to any Riemannian metric.
Proof. It is well-known that X does not admit a global cross section.
Remark. (a) Intrinsically harmonic closed k-forms on n-manifolds were characterized by E. Cal-
abi [Cal69] and E. Volkov [Vol08] for k = 1, and K. Honda [Hon97] for k = n−1. For a closed
non-vanishing (n− 1)-form Θ on a smooth manifold M , Honda showed that Θ is intrinsically
harmonic if and only if it is transitive. This means that through every point ofM there passes
an (n−1)-dimensional submanifold N such that the restriction of Θ to N is a volume form for
N . Note that in our setting where Θ = iXΩ, this condition strongly suggests that X admits
a cross section.
(b) Observe that by Lemma 1, iXΩ is g-harmonic if and only if the 1-form X
♭ = g(X, ·) is closed.
This in turn is equivalent to v 7→ ∇gvX being a symmetric linear operator or equivalently, to
∇gX being a symmetric (1, 1)-tensor (cf., [Pet16], §9.2). We therefore have:
Corollary 3. Let Φ,X, and Ω satisfy the assumptions of the main result. Then Φ admits a global
cross section if and only if there exists a smooth Riemannian metric g on M such that ∇gX is a
symmetric (1, 1)-tensor.
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